measure. In Kramkov & Schachermayer (1999) and Platen (2001 Platen ( , 2002 it was demonstrated that prices when benchmarked by the GOP can become supermartingales. The notion of a numeraire portfolio was recently extended by Becherer (2001) , taking into account benchmarked prices that are supermartingales when an equivalent local martingale measure exists. In standard cases with an equivalent martingale measure the numeraire portfolio has been shown to coincide with the inverse of the deflator or state price density, see Constatinides (1992) , Duffie (1996) or Rogers (1997) . Furthermore, in Bühlmann (1992 Bühlmann ( , 1995 and Bühlmann et al. (1998) the deflator has been suggested for the modeling of financial and insurance markets. Similarly, in Platen (2001 Platen ( , 2002 Platen ( , 2004 a financial market has been constructed by characterization of the GOP as benchmark portfolio.
Within this paper we follow a discrete time benchmark approach, where we characterize key features of a financial and insurance market via the GOP. We do not assume the existence of an equivalent martingale measure. The concept of fair pricing is introduced, where fair prices of insurance policies and derivatives are obtained via conditional expectations with respect to the real world probability measure. This provides a consistent basis for pricing that is widely applicable in insurance but also in derivative pricing. Examples of a discrete time market will be given that illustrate some key features of the benchmark approach.
DISCRETE TIME MARKET
Let us consider a discrete time market that is modeled on a given probability space ( , , ) P A X . Asset prices are assumed to change their values only at the given discrete times < < < < t t t 0 n 0 1 f 3 # for fixed n ∈ {0, 1, …}. The information available at time t in this market is described by A t i . In this paper we consider d + 1 primary securities, d ∈ {1, 2,…}, which generate interest, dividend, coupon or other payments as income or loss, incurred from holding the respective asset. We denote by S (j) i the nonnegative value at time t i of a primary security account. This account holds only units of the j th security and all income is reinvested into this account. The 0th primary security account is the domestic savings account. According to the above description, the domestic savings account S (0) is then a roll-over short term bond account, where the interest payments are reinvested at each time step. If the jth primary security is a share, then S (j) i is the value at time t i of such shares including accrued dividends. Thus, the quantity S (j) i represents the j th cum-dividend share price at time t i . We assume that > S 0 
almost surely for all { , , ,
We can express the price of the j th primary security account at time t i , that is usually the j th cumdividend share price S
Note that due to assumptions (2.1) and (2.3) we have for the savings account
for all { , , , } i n 0 1 f ! . In the given discrete time market it is possible to form self-financing portfolios containing the above primary security accounts, where the changes in the value of the portfolio are only due to changes in primary security accounts. Since we will only consider self-financing portfolios we omit in the following the word "self-financing". For the characterization of a strictly positive portfolio at time t i it is sufficient to describe the proportion i ( , ) 3 3 ! -r ( ) j of its value that at this time is invested in the j th primary security account, { , , , } j d 0 1 f ! . Obviously, the proportions add to one, that is 
-. This allows us to introduce the optimal growth rate g i at time t i as the supremum sup g g
If the optimal growth rate could reach an infinite value, then the corresponding portfolio would have unlimited growth. We exclude such unrealistic behaviour by introducing the following natural condition. Assumption 3.1 We assume that the given discrete time market is of finite growth, that is
Furthermore, it is natural to assume that our discrete time market is such that a portfolio exists, which attains the optimal growth rate. and
Such a portfolio is called a growth optimal portfolio (GOP).
Without conditions (3.3) and (3.5) there is no basis for considering GOPs. Also condition (3.6) is a very natural condition, which only assumes the integrability of ratios of growth rates and thus allows to form conditional expectations. There is an extremely wide range of models that satisfy the Assumptions 3.1 and 3.2. These cover most established discrete time models used in insurance and finance.
From the viewpoint of an investor, a growth optimal portfolio (GOP), can be interpreted as a best performing portfolio because there is no other strictly positive portfolio that in the long term can outperform its optimal growth rate. The GOP has also another remarkable property, which we derive in the following. Let us study the situation that an investor puts almost all of his wealth in a GOP S ( ) r and invests a vanishing small proportion , with corresponding growth rate
To study the rate of change in the growth rate of the interpolated portfolio let us define its derivative in the direction of the alter- A DISCRETE TIME BENCHMARK APPROACH for { , , ,
We prove in Appendix A the following fundamental identity, which will give us access to the understanding of the central role of the GOP in pricing. 
Theorem 3.3 For a portfolio
One observes that from (3.9), (3.5) and (3.2), we must have by the optimality property of the GOP that
which leads by the identity (3.10) directly to the following important result.
is growth optimal if and only if all portfolios
Corollary 3.4 reveals a fundamental property of the GOP. It says, all nonnegative securities, when expressed in units of the GOP are supermartingales. Note that we did not make any major assumptions on the given discrete time market. Under the additional assumption on the existence of an equivalent local martingale measure, a similar result has been obtained for semimartingale markets in Becherer (2001) . Corollary 3.4 is proved without the explicit assumption on the existence of an equivalent risk neutral measure. The simple and direct proof of Theorem 3.3 in the Appendix avoids the technical machinery employed in Becherer (2001) . In addition, our approach is constructive and the fundamental equation (3.10) can be used to establish further identities or inequalities in risk management. Let us consider two nonnegative portfolios that are both growth optimal, see (3.5). According to Corollary 3.4 the first portfolio, when expressed in units of the second, must be a supermartingale. Additionally, by the same argument the second, expressed in units of the first, must be also a supermartingale. This can only be true if both processes are identical, which yields the following result.
Corollary 3.5 The value process of the GOP is unique.
Note that the stated uniqueness of the GOP does not imply that its proportions r have to be unique.
FAIR PORTFOLIOS
In what follows we call prices, which are expressed in units of the GOP, benchmarked prices and their growth ratios benchmarked growth ratios. The condition (3.6) guarantees the integrability of benchmarked growth ratios and prices The benchmarked price S 
In common actuarial and financial valuations in competitive, liquid markets a price is typically chosen such that seller and buyer have no systematic advantage or disadvantage. The problem of such a description is hidden in the fact that one must specify the reference unit or numeraire and the corresponding probability measure that both buyers and sellers use to calculate their expected payoff. If one chooses the real world measure as obvious probability measure, then one needs still to determine the reference unit. We know from Long (1990) that under certain conditions benchmarked prices are martingales. In markets with a corresponding equivalent risk neutral martingale measure this price corresponds to the risk neutral price. For this reason we choose in our more general setting the GOP as numeraire. By using the real world probability measure to form expectations and the GOP as numeraire it follows from Corollary 3.4, as shown in (4.2), that any strictly positive portfolio price, when expressed in units of the GOP, must be a supermartingale. This could give an advantage to the seller of the portfolio S ( ) r if the equality in (4.2) is a strict one. Its expected future benchmarked payoff is in such a case less than its present value. The only situation when buyers and sellers are equally treated is when the benchmarked price process S
is the best forecast of its future benchmarked values.
Equivalently to (4.3) we have by (2.8) for the corresponding portfolio process S
-. This leads us naturally to the concept of fair pricing, see also Platen (2002) :
By Definition 4.1 and application of Theorem 3.3 we directly obtain the following interesting characterization of fair prices.
Corollary 4.2 A given portfolio process S ( )
r is fair if and only if g 0
Intuitively, Corollary 4.2 expresses the fact that a portfolio is fair if the maximum that the growth rate of the corresponding interpolated portfolio attains, is a genuine maximum. This typically means that the GOP proportions must satisfy the usual first order conditions in the direction of the portfolio. This will happen if S ( ) r is in the interior of V as in this case the derivative at zero may be taken from both sides.
A TWO ASSET EXAMPLE
To illustrate key features of the given discrete time benchmark approach, let us consider a simple example of a market with two primary security accounts. The two primary securities are the domestic currency, which is assumed to pay zero interest, and a stock that pays zero dividends. The savings account at time t i is here simply the constant S 1 = 
Let us now compute the optimal growth rate of this market, see (3.1). The first derivative of g i 
We note that the second derivative is always negative, which indicates that the growth rate has at most one maximum. However, this maximum may refer to a proportion that does not belong to the interval [ , ] . 0 1 To clarify such a situation we compute with (5.5) the values
and 
Otherwise, if condition (5.9) is violated, then the optimal proportion is to be chosen at one of the boundary points. In this case the derivative (5.5) will not be zero at the optimal proportion and we obtain not a genuine maximum for the optimal proportion.
To check whether particular primary securities and portfolios are fair we now specify in our example the distribution of the growth ratios. Let us consider the case when the growth ratio h i -. This means, for sufficiently large mean of the logarithm of the growth ratio of the stock one has to hold for the GOP all investments in the stock. In this case we get This example demonstrates that benchmarked prices are not always martingales. However, these benchmarked prices become martingales if the corresponding derivative of the growth rate of the interpolated portfolio in the direction of the security is zero, as follows from Corollary 4.2. Furthermore, the given lognormal example indicates that discrete time markets with securities, where the mean to variance ratio of the excess log-return over the risk free rate exceeds one half, may not be fair.
FAIR PRICING OF CONTINGENT CLAIMS
Now, let us consider a contingent claim H i , which is an A t i -measurable, possibly negative payoff, expressed in units of the domestic currency and has to be paid at a maturity date t i , { , , , } i n 1 2 f ! . Note that the claim H i is not only contingent on the information provided by the observed primary security accounts S
+ , but as well on additional information contained in A t i as, for instance, the occurrence of defaults or insured events. Following our previous discussion and Definition 4.1 we obtain directly the following formula for the fair price of a contingent claim.
Corollarly 6.1 The fair price k U ( )

H i at time t k for the contingent claim H i satisfies the fair pricing formula
Obviously, by (4.10) all fair contingent claim prices have a corresponding benchmarked fair price of the type
, where the process
A -martingale according to Definition 4.1. The argument can be easily extended to sums of contingent claims with A-adapted maturity dates. Note that all fair portfolios and fair contingent claim prices form a price system, where benchmarked prices are ( , ) P A -martingales.
If there exists only one equivalent risk neutral martingale measure, then the pricing formula (6.1) is the standard risk neutral pricing formula, used in finance, see Platen (2001 Platen ( , 2002 Platen ( , 2004 . However note, in this paper we do not assume the existence of such an equivalent risk neutral martingale measure and consider a more general framework.
Formally, one can extend (6.1) also for assessing the accumulated value for cashflows that occurred in the past, that is for { , , }.
In (6.3) we express the with earnings accumulated t k -value of the payment H i made at time t i . This interpretation is important for insurance accounting as will be discussed below.
An important case arises when a contingent claim H i with maturity t i is independent of the value i S ( ) r of the GOP. Then by using (6.1) its fair price at time t k is obtained by the formula
is the fair value at time t k of the zero coupon bond with maturity
. The formula (6.4) reflects the classical actuarial pricing formula that has been applied by actuaries for centuries to project future cashflows into present values, though with an "artificial" not financial market oriented understanding of P i k . Thus it turns out that the actuarial pricing approach is in this particular case generalized by the fair pricing concept that we introduced above through Definition 4.1. Note, in this case the knowledge of the particular dynamics of the GOP is not necessary since the zero coupon bond P i k carries the relevant information needed from the GOP.
FAIR PRICING OF SEQUENCES OF CASHFLOWS
For the pricing of an insurance policy the actuarial task is the valuation of a sequence of cashflows X 0 , X 1 , …, X n , which are paid at the times t 0 , t 1 , …, t n , respectively. After each payment, its value is invested by the insurance company in a strictly positive portfolio, characterized by a process of proportions p. Here we choose an arbitrary process of proportions p, representing the investment portfolio of the insurance company. The benchmarked fair price Q 0 at time t 0 for the above sequence of cashflows is according to (6.2) given by the expression
It follows that the benchmarked fair value Q i at time t i for { , , ,
-of this sequence of cashflows equals the sum
which expresses the benchmarked value of the already accumulated payments.
is the benchmarked fair price at time t i for the remaining payments, which is called the prospective reserve, see Bühlmann 95. It is easy to check that the process , { , , ,
A -martingale for all choices of p by the insurance company. When expressed in units of the domestic currency, we have at time t i for the above sequence of cashflows the fair value
for all { , , , } i n 0 1 f ! . The above result is important, for instance, for the fair pricing of life insurance policies. Each insurance carrier can choose its own process of proportions p to invest the payments that arise. However, the GOP, which is needed to value the prospective reserve, must be the same for all insurance companies in the same market. Above we clarified the role of the GOP for pricing the prospective reserve. We point out that the above analysis says nothing about the performance and riskiness of different investment strategies that the insurance carrier can choose. The growth rate for the investment portfolio becomes optimal, if the proportions of the GOP are used. If the insurance company aims to maximize the growth rate of its investments, then the fair pricing of an insurance policy and the optimization of the investment portfolio both involve the GOP.
UNIT LINKED INSURANCE CONTRACTS
In the insurance context we look again at the cashflows n , , , X X X 0 1 f but assume a specific form for these random variables. Intuitively, they stand now for unit linked claims and premiums. Hence they can be of either sign. at time t i of the cashflows of this contract is according to (7.1) -(7.5) given by the expression
with fair prospective reserve
Under the natural condition of nonnegative fair prospective reserves one can prove that the benchmarked fair prospective reserve is less or equal the actuarial prospective reserve. The proof of the following inequality relies on the supermartingale property of
and is shown in Appendix B.
As by (8. -(8.10) between the actuarial and the fair prospective reserve. This difference is a consequence of the classical actuarial price calculation leading to the prospective reserve r i in (8.4). Of course, the actuarial and the fair prospective reserve coincide if one uses the GOP as reference portfolio.
CONCLUSION
We have shown that the growth optimal portfolio plays a central role for pricing in finance and insurance markets. The concept of fair contingent claim pricing has been introduced. Fair price processes, when measured in units of the growth optimal portfolio, form martingales. For contingent claims that are independent of the growth optimal portfolio fair prices also coincide with the classical actuarial prices, however, in general, this is not the case.
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